1. INTRODUCTION {#SEC1}
===============

Since its introduction in in [@B1]), the "False Discovery Rate" (FDR) has quickly established itself as a key concept in modern statistics, and the primary tool by which most practitioners handle large-scale multiple testing in which the goal is to identify the non-zero "effects" among a large number of imprecisely measured effects.

Here we consider an Empirical Bayes (EB) approach to FDR. This idea is, of course, far from new: indeed, the notion that EB approaches could be helpful in handling multiple comparisons predates introduction of the FDR (e.g. [@B22]). More recently, EB approaches to the FDR have been extensively studied by several authors, especially Efron and co-workers ([@B17]; [@B16]; [@B15]; [@B12], [@B13]); see also [@B26], [@B32], [@B6], and [@B31], for example.

So what is the "New Deal" here? We introduce two simple ideas that are new (at least compared with existing widely used FDR pipelines) and can substantially affect inference. The first idea is to *assume that the distribution of effects is unimodal*. We provide a simple, fast, and stable computer implementation for performing EB inference under this assumption, and illustrate how it can improve inferences when the unimodal assumption (UA) is correct. The second idea is to use two numbers---effect sizes and their standard errors---rather than just one---$\documentclass[12pt]{minimal}
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}{}$z$\end{document}$ scores---to summarize each measurement. Here we use this idea to allow variation in measurement precision to be better accounted for, avoiding a problem with standard pipelines that poor-precision measurements can inflate estimated FDR. ([@B33] also suggest using more than one number in FDR analyses, taking a rather different approach to the one used here.)

In addition to these two new ideas, we highlight a third idea that is old but which remains under-used in practice: the idea that it may be preferable to focus on estimation rather than on testing. In principle, Bayesian approaches can naturally unify testing and estimation into a single framework---testing is simply estimation with some positive prior probability that the effect is exactly zero. However, despite ongoing interest in this area from both frequentist ([@B2]) and Bayesian ([@B47]; [@B21]) perspectives, in practice large-scale studies that assess many effects almost invariably focus on testing significance and controlling the FDR, and not on estimation. To help provide a bridge between FDR and estimation we introduce the term "local false sign rate" (*lfsr*), which is analogous to the "local false discovery rate" (*lfdr*) ([@B12]), but which measures confidence in the *sign* of each effect rather than confidence in each effect being non-zero. We show that in some settings, particularly those with many discoveries, the $\documentclass[12pt]{minimal}
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}{}$\textit{lfsr}$\end{document}$, particularly its increased robustness to modeling assumptions.

Although we focus here on FDR applications, the idea of performing EB inference using a flexible unimodal prior distribution is useful more generally. For example, the methods described here can be applied directly to perform shrinkage estimation for wavelet denoising ([@B8]), an idea explored in a companion paper ([@B46]). And analogous ideas can be used to perform EB inference for variances ([@B30]). Importantly, and perhaps surprisingly, our work demonstrates how EB inference under a general UA is, if anything, computationally simpler than commonly used more restrictive assumptions---such as a spike and slab or Laplace prior distribution ([@B25])---as well as being more flexible.

We refer to our EB method as **a**daptive **sh**rinkage, or `ash`, to emphasize its key points: using a unimodal prior naturally results in shrinkage estimation, and the shrinkage is adaptive to both the amount of signal in the data and the measurement precision of each observation. We provide implementations in an R package, `ashr`, available at <http://github.com/stephens999/ashr>. Code and instructions for reproducing analyses and figures in this paper are at <https://github.com/stephenslab/ash>.

2. METHODS {#SEC2}
==========

2.1. Model outline {#SEC2.1}
------------------

Here we describe the simplest version of the method, before briefly discussing embellishments we have also implemented. Implementation details are given in Supplementary Information, see [supplementary material](#sup1){ref-type="supplementary-material"} available at *Biostatistics* online.
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Assume that the available data are estimates $\documentclass[12pt]{minimal}
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{p(\beta|\hat{s},\pi)} & {\, = \prod\limits_{j}g(\beta_{j};\pi),} \\
\end{array}$$$$\begin{array}{ll}
{g( \cdot ;\pi)} & {\, = \pi_{0}\delta_{0}( \cdot ) + \sum\limits_{k = 1}^{K}\pi_{k}N( \cdot ;0,\sigma_{k}^{2}),} \\
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This simple model features both the key ideas we want to emphasize in this paper: the UA is encapsulated in ([2.3](#kxw041M2.3){ref-type="disp-formula"}) while the different measurement precision of different observations is encapsulated in the likelihood ([2.4](#kxw041M2.4){ref-type="disp-formula"})---specifically, observations with larger standard error will have a flatter likelihood, and therefore have less impact on inference. However, the model also has several additional assumptions that can be relaxed. Specifically, 1. The form ([2.3](#kxw041M2.3){ref-type="disp-formula"}) implies that $\documentclass[12pt]{minimal}
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These embellishments, detailed in [supplementary material](#sup1){ref-type="supplementary-material"} available at *Biostatistics* online, are implemented in our software. Other limitations are harder to relax, most notably the independence and conditional independence assumptions (which are also made by most existing approaches). Correlations among tests certainly arise in practice, either due to genuine correlations or due to unmeasured confounders, and their potential impact on estimated FDRs is important to consider whatever analysis methods are used ([@B11]; [@B29]).

2.2. Fitting the model {#SEC2.2}
----------------------

Together, ([2.2](#kxw041M2.2){ref-type="disp-formula"})--([2.4](#kxw041M2.4){ref-type="disp-formula"}) imply that $\documentclass[12pt]{minimal}
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The usual EB approach to fitting this model would involve two steps: 1. Estimate the hyper-parameters $\documentclass[12pt]{minimal}
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Both steps are straightforward. Step 1 is a convex optimization problem, and can be solved quickly and reliably using interior point methods ([@B3]; [@B27]). (Alternatively a simple EM algorithm can also work well, particularly for modest $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$J$\end{document}$; see [http:://stephenslab.github.io/ash/analysis/IPvsEM.html](http://stephenslab.github.io/ash/analysis/IPvsEM.html).) And the conditional distributions $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$p(\beta_j | \hat{\beta}_j, \hat{s}_j,\hat{\pi})$\end{document}$ in Step 2 are analytically available, each a mixture of a point mass on zero and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$K$\end{document}$ normal distributions. The simplicity of Step 1 is due to our use of a fixed grid for $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\sigma_k$\end{document}$ in ([2.3](#kxw041M2.3){ref-type="disp-formula"}), instead of estimating $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\sigma_k$\end{document}$. This simple device may be useful in other applications.
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2.3. The local FDR and local false sign rate {#SEC2.3}
--------------------------------------------

As noted above, the posterior distributions $\documentclass[12pt]{minimal}
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> \... the more meaningful question: "is the evidence strong enough to support a belief that the observed difference has the correct sign?"

Along the same lines, Gelman and co-workers ([@B20]; [@B21]) suggest focusing on "type S errors," meaning errors in sign, rather than the more traditional type I errors.

Motivated by these suggestions, we define the "local False Sign Rate" for effect $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$j$\end{document}$, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\textit{lfsr}_j$\end{document}$, to be the probability that we would make an error in the sign of effect $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$j$\end{document}$ if we were forced to declare it either positive or negative. Specifically, $$\textit{lfsr}_{j}:=\min\lbrack\Pr(\beta_{j} \geq 0|\hat{\pi},\hat{\beta},s),\Pr(\beta_{j} \leq 0|\hat{\pi},\hat{\beta},s)\rbrack.$$

To illustrate, suppose that $$\begin{array}{l}
{\Pr(\beta_{j} < 0|\hat{\beta},s,\hat{\pi}) = 0.95,} \\
{\Pr(\beta_{j} = 0|\hat{\beta},s,\hat{\pi}) = 0.03,} \\
{\Pr(\beta_{j} > 0|\hat{\beta},s,\hat{\pi}) = 0.02.} \\
\end{array}$$

Then from ([2.7](#kxw041M2.7){ref-type="disp-formula"}) $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\textit{lfsr}_j=\min(0.05,0.98)=0.05$\end{document}$ (and, from ([2.6](#kxw041M2.6){ref-type="disp-formula"}), $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\textit{lfdr}_j=0.03$\end{document}$). This $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\textit{lfsr}$\end{document}$ corresponds to the fact that, given these results, we would guess that $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\beta_j$\end{document}$ is negative, with probability $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$0.05$\end{document}$ of being wrong.

As our notation suggests, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\textit{lfsr}_j$\end{document}$ is analogous to $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\textit{lfdr}_j$\end{document}$: whereas small values of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\textit{lfdr}_j$\end{document}$ indicate that we can be *confident that $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\beta_j$\end{document}$ is non-zero*, small values of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\textit{lfsr}_j$\end{document}$ indicate that we can be *confident in the sign of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\beta_j$\end{document}$*. Of course, being confident in the sign of an effect logically implies that we are confident it is non-zero, and this is reflected in the fact that $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\textit{lfsr}_j \geq \textit{lfdr}_j$\end{document}$ \[this follows from the definition because both the events $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\beta_j \geq 0$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\beta_j \leq 0$\end{document}$ in ([2.7](#kxw041M2.7){ref-type="disp-formula"}) include the event $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\beta_j=0$\end{document}$\]. In this sense $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\textit{lfsr}$\end{document}$ is a more conservative measure of significance than $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\textit{lfdr}$\end{document}$. More importantly, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\textit{lfsr}$\end{document}$ is more robust to modeling assumptions (see Results).

From these "local" measures of significance, we can also compute average error rates over subsets of observations $\documentclass[12pt]{minimal}
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2.4. Related work {#SEC2.4}
-----------------

### 2.4.1. Previous approaches focused on FDR {#SEC2.4.1}

Among previous methods that explicitly consider FDR, our work seems naturally compared with the EB methods of of [@B12] and [@B31] (implemented in the R packages `locfdr` and `mixfdr`, respectively) and with the widely used methods from [@B39] (implemented in the R package `qvalue`), which although not formally an EB approach, shares some elements in common.

There are two key differences between our approach and these existing methods. First, whereas these existing methods take as input a single number---either a $\documentclass[12pt]{minimal}
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Second, our UA that the effects are unimodal about zero, is an assumption not made by existing methods, and one that we argue to be both plausible and beneficial in many contexts. Although the UA will not hold in all settings, it will often be reasonable, especially in FDR-related contexts that focus on rejecting the null hypotheses $\documentclass[12pt]{minimal}
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}{}$\beta_j$\end{document}$ very near 0" should also be plausible. Further, it seems reasonable to expect that larger effects become decreasingly plausible, and so the distribution of the effects will be unimodal about 0. To paraphrase Tukey, "All we know about the world teaches us that large effects are rare, whereas small effects abound." We emphasize that the UA relates to the distribution of *all* effects, and not only the *detectable* effects (i.e. those that are significantly different from zero). It is very likely that the distribution of *detectable* non-zero effects will be multimodal, with one mode for detectable positive effects and another for detectable negative effects, and the UA does not contradict this.

In further support of the UA, note that large-scale regression methods almost always make the UA for the regression coefficients, which are analogous to the "effects" we estimate here. Common choices of unimodal distribution for regression coefficients include the spike and slab, Laplace, $\documentclass[12pt]{minimal}
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}{}$t$\end{document}$, normal-gamma, normal-inverse-gamma, or horseshoe priors ([@B4]). These are all less flexible than our approach, which provides for general unimodal distributions, and it may be fruitful to apply our methods to the regression context; indeed see [@B18] for work in this vein. Additionally, the UA can be motivated by its effect on point estimates, which is to "shrink" the estimates towards the mode---such shrinkage is desirable from several standpoints for improving estimation accuracy. Indeed most model-based approaches to shrinkage make parametric assumptions that obey theUA(e.g. [@B25]).

Besides its plausibility, the UA has two important practical benefits: it facilitates more accurate estimates of FDR-related quantities, and it yields simple algorithms that are both computationally and statistically stable (see Results).

### 2.4.2. Other work {#SEC2.4.2}

There is also a very considerable literature that does not directly focus on the FDR problem, but which involves similar ideas and methods. Among these, a paper about deconvolution ([@B5]) is most similar, methodologically, to our work here: indeed, this paper includes all the elements of our approach outlined above, except for the point mass on 0 and corresponding penalty term. However, the focus is very different: [@B5] focuses entirely on estimating $\documentclass[12pt]{minimal}
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More generally, the related literature is too large to review comprehensively, but relevant key-words include "empirical Bayes," "shrinkage," "deconvolution," "semi-parametric," "shape-constrained," and "heteroskedastic." Some pointers to recent papers in which other relevant citations can be found include. [@B45], [@B37], [@B28], and [@B14]. Much of the literature focusses on the homoskedastic case (i.e. $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\hat{s}_j$\end{document}$ all equal) whereas we allow for heteroskedasticity. And much of the recent shrinkage-oriented literature focuses only on point estimation of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\beta_j$\end{document}$, whereas for FDR-related applications measures of uncertainty are essential. Several recent papers consider more flexible non-parametric assumptions on $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$g$\end{document}$ than the UA assumption we make here. In particular, [@B24] and [@B28] consider the unconstrained non-parametric maximum likelihood estimate (NPMLE) for $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$g$\end{document}$. These methods may be useful in settings where the UA assumption is considered too restrictive. However, the NPMLE for $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$g$\end{document}$ is a discrete distribution, which will induce a discrete posterior distribution on $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\beta_j$\end{document}$, and so although the NPMLE may perform well for point estimation, it may not adequately reflect uncertainty in $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\beta_j$\end{document}$. To address this some regularization on $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$g$\end{document}$ (e.g. as in [@B14]) may be necessary. Indeed, one way of thinking about the UA is as a way to regularize $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$g$\end{document}$.

3. RESULTS {#SEC3}
==========

We compare results of `ash` with existing FDR-based methods implemented in the R packages `qvalue` (v2.1.1!), `locfdr` (v1.1-8!), and `mixfdr` (v1.0, from <https://cran.r-project.org/src/contrib/Archive/mixfdr/>). In all our simulations we assume that the test statistics follow the expected theoretical distribution under the null, and we indicate this to `locfdr` using `nulltype=0` and to `mixfdr` using `theonull=TRUE`. Otherwise all packages were used with default options.

3.1. Effects of the UA {#SEC3.1}
----------------------

Here we consider the effects of making the UA. To isolate these effects we consider the simplest case, where every observation has the same standard error, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$s_j=1$\end{document}$. That is, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\hat{\beta}_j | \beta_j \sim N(\beta_j,1)$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\hat{s}_j=s_j=1$\end{document}$. In this case the $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$z$\end{document}$ scores $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$z_j:=\hat{\beta}_j/\hat{s}_j=\hat{\beta}_j$\end{document}$, so modelling the $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$z$\end{document}$ scores is the same as modelling the $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\hat{\beta}_j$\end{document}$. Thus the primary difference among methods in this setting is that `ash` makes the UA and other methods do not.

To briefly summarize the results in this section: 1. The UA can produce quite different results from existing methods.2. The UA can yield conservative estimates of the proportion of true nulls, $\documentclass[12pt]{minimal}
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### 3.1.1. The UA can produce quite different results from existing methods. {#SEC3.1.1}

We illustrate the effects of the UA with a simple simulation, with effects $\documentclass[12pt]{minimal}
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Fig. 1.Illustration that the UA in `ash` can produce very different results from existing methods. The figure shows, for a single simulated dataset, the way different methods decompose $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$p$\end{document}$ values (left) and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$z$\end{document}$ scores (right) into a null component (dark blue) and an alternative component (cyan). In the $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$z$\end{document}$ score space the alternative distribution is placed on the bottom to highlight the differences in its shape among methods. The three existing methods (`qvalue`, `locfdr`, `mixfdr`) all produce a "hole" in the alternative $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$z$\end{document}$ score distribution around 0. In contrast `ash` makes the UA---that the effect sizes, and thus the $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$z$\end{document}$ scores, have a unimodal distribution about 0---which yields a very different decomposition. (In this case the `ash` decomposition is closer to the truth: the data were simulated under a model where all of the effects are non-zero, so the "true" decomposition would make everything cyan.)
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The results above show that `ash` can improve on existing methods in producing smaller, more accurate, estimates of $\documentclass[12pt]{minimal}
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Fig. 2.Results of simulation studies (constant precision $\documentclass[12pt]{minimal}
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Table 1.*Empirical coverage for nominal 95% lower credible bounds (all observations)* SpikyNear-normalFlat-topSkewBig-normalBimodalash.n0.900.940.950.940.960.96ash.u0.870.930.940.930.960.96ash.hu0.880.930.940.940.960.96[^1]

Table 2.*Empirical coverage for nominal 95% lower credible bounds (significant negative discoveries)* SpikyNear-normalFlat-topSkewBig-normalBimodalash.n0.940.940.940.860.950.96ash.u0.930.930.930.840.950.95ash.hu0.920.920.930.920.950.95[^2]

Table 3.*Empirical coverage for nominal 95% lower credible bounds (significant positive discoveries)* SpikyNear-normalFlat-topSkewBig-normalBimodalash.n0.940.940.940.860.950.96ash.u0.930.930.930.840.950.95ash.hu0.920.920.930.920.950.95[^3]
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Compared with previous debates, this section advances an additional reason for focusing on the sign of the effect, rather than just testing whether it is 0. In previous debates authors have argued against testing whether an effect is 0 because it is *implausible that effects are exactly 0*. Here we add that *even if one believes that some effects may be exactly zero*, it is still better to focus on the sign, because generally *the data are more informative about that question* and so inferences are more robust to, say, the inevitable mis-estimation of $\documentclass[12pt]{minimal}
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An important advantage of our EB approach based on modelling the effects $\documentclass[12pt]{minimal}
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}{}$\beta_j$\end{document}$, which can be used to construct interval estimates, etc. Further, because the posterior distribution is, by definition, conditional on the observed data, interval estimates based on posterior distributions are also valid Bayesian inferences for any subset of the effects that have been selected based on the observed data. This kind of "post-selection" validity is much harder to achieve in the frequentist paradigm. In particular the posterior distribution solves the (Bayesian analogue of the) "False Coverage Rate" problem posed by [@B2] which [@B12] summarizes as follows: "having applied FDR methods to select a set of non-null cases, how can confidence intervals be assigned to the true effect size for each selected case"? [@B12] notes the potential for EB approaches to tackle this problem, and [@B47] considers in detail the case where the non-null effects are normally distributed.

The ability of the EB approach to provide valid "post-selection" interval estimates is extremely attractive in principle. But its usefulness in practice depends on reliably estimating the distribution $\documentclass[12pt]{minimal}
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To illustrate, we compare the estimated $\documentclass[12pt]{minimal}
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### 3.1.5. Calibration of posterior intervals {#SEC3.1.5}

To quantify the effects of errors in estimates of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$g$\end{document}$ we examine the calibration of the resulting posterior distributions (averaged over 100 simulations in each Scenario). Specifically we examine the empirical coverage of nominal lower 95% credible bounds for (i) all observations; (ii) significant negative discoveries; (iii) significant positive discoveries. We examine only lower bounds because the results for upper bounds follow by symmetry (except for the one asymmetric scenario). We separately examine positive and negative discoveries because the lower bound plays a different role in each case: for negative discoveries the lower bound is typically large and negative and limits how big (in absolute value) the effect could be; for positive discoveries the lower bound is positive, and limits how small (in absolute value) the effect could be. Intuitively, the lower bound for negative discoveries depends on the accuracy of $\documentclass[12pt]{minimal}
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Fig. 3.Comparison of estimated cdfs from `ash` and the NPMLE. Different ash methods perform similarly, so only `ash.hu` is shown for clarity. Each panel shows results for a single example data set, one for each scenario in [Figure 2(a)](#F2){ref-type="fig"}. The results illustrate how the UA made by ash regularizes the estimated cdfs compared with the NPMLE.

The results are shown in [Table 1](#T1){ref-type="table"}--[Table 3](#T3){ref-type="table"}. Most of the empirical coverage rates are in the range 0.92--0.96 for nominal coverage of 0.95, which we view as adequate for practical applications. The strongest deviations from nominal rates are noted and discussed in the table captions. One general issue is that the methods based on mixtures of uniform distributions often slightly curtail the tail of $\documentclass[12pt]{minimal}
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3.2. Differing measurement precision across units {#SEC3.2}
-------------------------------------------------

We turn now to the second important component of our work: allowing for varying measurement precision across units. The key to this is the use of a likelihood, ([2.4](#kxw041M2.4){ref-type="disp-formula"}) (or, more generally, in [Supplementary Information](#sup1){ref-type="supplementary-material"}, equation (S.1.2)), that explicitly incorporates the measurement precision (standard error) of each $\documentclass[12pt]{minimal}
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To illustrate, we conduct a simulation where half the measurements are quite precise (standard error $\documentclass[12pt]{minimal}
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In this setting, the poor-precision measurements $\documentclass[12pt]{minimal}
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}{}$\textit{lfdr}$\end{document}$ values) for the good-precision observations increase when the low-precision observations are included in the analysis \[[Figure 4(b)](#F4){ref-type="fig"}\]. In contrast, the results from `ash` for the good-precision observations are unaffected by including the low-precision observations in the analysis \[[Figure 4(b)](#F4){ref-type="fig"}\].

Another consequence of incorporating measurement precision into the likelihood is that `ash` can re-order the significance of observations compared with the original $\documentclass[12pt]{minimal}
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Although downweighting low-precision observations may seem intuitive, we must now confess that the issues are more subtle than our treatment above suggests. Specifically, it turns out that the downweighting behavior depends on an assumption that we have made up to now, that $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\beta_j$\end{document}$ is independent of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$s_j$\end{document}$ ([2.2](#kxw041M2.2){ref-type="disp-formula"}). In practice this assumption may not hold. For example, in gene expression studies, genes with higher biological variance may tend to exhibit larger effects $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\beta_j$\end{document}$ (because they are less constrained). These genes will also tend to have larger $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$s_j$\end{document}$, inducing a dependence between $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\beta_j$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$s_j$\end{document}$.

Motivated by this, we generalize the prior ([2.2](#kxw041M2.2){ref-type="disp-formula"}) to $$\left. \frac{\beta_{j}}{{\hat{s}}_{j}^{\alpha}}\, \middle| {\hat{s}}_{j} \sim g( \cdot ;\pi), \right.$$ where $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\alpha$\end{document}$ is to be estimated or specified. Setting $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\alpha=0$\end{document}$ yields ([2.2](#kxw041M2.2){ref-type="disp-formula"}). Setting $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\alpha>0$\end{document}$ implies that the effects with larger standard error tend to be larger (in absolute value). Fitting this model for any $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\alpha$\end{document}$ is straightforward using the same methods as for $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\alpha=0$\end{document}$ (see [supplementary material](#sup1){ref-type="supplementary-material"} available at *Biostatistics* online).

The case $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\alpha=1$\end{document}$ in ([3.2](#kxw041M3.2){ref-type="disp-formula"}) is of special interest because it corresponds most closely to existing methods. Specifically, it can be shown that with $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\alpha=1$\end{document}$ the $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\textit{lfsr}_j$\end{document}$ values from ash.n are monotonic in the $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$p$\end{document}$ values: effects with smaller $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$p$\end{document}$ values have smaller $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\textit{lfsr}_j$\end{document}$. This result generalizes a result in [@B42], who referred to a prior that produces the same ranking as the $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$p$\end{document}$ values as a "$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$p$\end{document}$ value prior." Of course, if the $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\textit{lfsr}_j$\end{document}$ are monotonic in the $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$p$\end{document}$ values then the downweighting and reordering of significance illustrated in [Figure 4](#F4){ref-type="fig"} will not occur. The intuition is that under $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\alpha=1$\end{document}$ the poor precision observations have larger effects sizes, and consequently the same power as the high-precision observations---under these conditions the poor precision observations are not "contaminating" the high precision observations, and so downweighting them is unnecessary. Thus running `ash` with $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\alpha=1$\end{document}$ will produce the same significance ranking as existing methods. Nonetheless, it is not equivalent to them, and indeed still has the benefits outlined previously: due to the UA `ash` can produce less conservative estimates of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\pi_0$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\textit{lfdr}_j$\end{document}$; and because `ash` models the $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\beta_j$\end{document}$ it can produce interval estimates.
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In practice, appropriate choice of $\documentclass[12pt]{minimal}
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4. DISCUSSION {#SEC4}
=============

We have presented an Empirical Bayes approach to large-scale multiple testing that emphasizes two ideas. First, we emphasize the potential benefits of using two numbers ($\documentclass[12pt]{minimal}
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}{}$z$\end{document}$ score) to summarize the information on each test. While requiring two numbers is slightly more onerous than requiring one, in many settings these numbers are easily available and if so we argue it makes sense to use them. Second, we note the potential benefits---both statistical and computational---of assuming that the effects come from a unimodal distribution, and provide flexible implementations for performing inference under this assumption. We also introduce the "false sign rate" as an alternative measure of error to the FDR, and illustrate its improved robustness to errors in model fit, particularly mis-estimation of the proportion of null tests, $\documentclass[12pt]{minimal}
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Multiple testing is often referred to as a "problem" or a "burden." In our opinion, EB approaches turn this idea on its head, treating multiple testing as an *opportunity*: specifically, an opportunity to learn about the prior distributions, and other modelling assumptions, to improve inference and make informed decisions about significance (see also [@B22]). This view also emphasizes that, what matters in multiple testing settings is *not* the number of tests, but the *results* of the tests. Indeed, the FDR at a given fixed threshold does not depend on the number of tests: as the number of tests increases, both the true positives and false positives increase linearly, and the FDR remains the same. \[If this intuitive argument does not convince, see [@B39], and note that the FDR at a given $\documentclass[12pt]{minimal}
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Two important practical issues that we have not addressed here are correlations among tests, and the potential for deviations from the theoretical null distributions of test statistics. These two issues are connected: specifically, unmeasured confounding factors can cause both correlations among tests and deviations from the theoretical null ([@B11]; [@B29]). And although there are certainly other factors that could cause dependence among tests, unmeasured confounders are perhaps the most worrisome in practice because they can induce strong correlations among large numbers of tests and profoundly impact results, ultimately resulting in too many hypotheses being rejected and a failure to control FDR. We are acutely aware that, because our method is less conservative than existing methods, it may unwittingly exacerbate these issues if they are not adequately dealt with. Approaches to deal with unmeasured confounders can be largely divided into two types: those that simply attempt to correct for the resulting inflation of test statistics ([@B7]; [@B10]), and those that attempt to infer confounders using clustering, principal components analysis, or factor models ([@B35]; [@B34]; [@B29]; [@B19]), and then correct for them in computation of the test statistics (in our case, $\documentclass[12pt]{minimal}
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Another important practical issue is the challenge of small sample sizes. For example, in genomics applications researchers sometimes attempt to identify differences between two conditions based on only a handful of samples in each. In such settings the normal likelihood approximation ([2.4](#kxw041M2.4){ref-type="disp-formula"}) will be inadequate. And, although the $\documentclass[12pt]{minimal}
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Our approach involves compromises between flexibility, generality, and simplicity on the one hand, and statistical efficiency and principle on the other. For example, in using an EB approach that uses a point estimate for $\documentclass[12pt]{minimal}
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\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$p_j$\end{document}$ or $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$z_j$\end{document}$), can yield substantial gains in functionality (e.g. estimating effect sizes, as well as testing; accounting for variations in measurement precision across units) while losing only a little in generality. We hope that our work will encourage development of methods that exploit this idea in other contexts.
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[^1]: Coverage rates are generally satisfactory, except for the extreme "spiky" scenario. This is due to the penalty term ([Supplementary Information](#sup1){ref-type="supplementary-material"}, equation S.2.5) which tends to cause over-shrinking towards zero. Removing this penalty term produces coverage rates closer to the nominal levels for uniform and normal methods ([Table 2](#T2){ref-type="table"}). Removing the penalty in the half-uniform case is not recommended (see online [Supplementary Information](#sup1){ref-type="supplementary-material"} for discussion)

[^2]: Coverage rates are generally satisfactory, except for the uniform-based methods in the spiky and near-normal scenarios, and the normal-based method in the flat-top scenario. These results likely reflect inaccurate estimates of the tails of $\documentclass[12pt]{minimal}
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[^3]: Coverage rates are generally satisfactory, except for the symmetric methods under the asymmetric ("skew") scenario
